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1. INTRODUCTION

Complex analysis has its applications in many mathematical and
physical problems, but it is, in most cases, very difficult to find out the
exact representation of the functions (or solutions) to be considered in
practice. This makes it important to search for effective ways of
approximating the functions (or solutions) for which only finite data are
given.

The Lagrange interpolating polynomial is unsuited for this task since
one cannot ensure its convergence in all cases (see [3]). At times, a
modification of the complex Lagrange interpolating polynomial may be
used successfully (see [5]), but there is no general formula for this
approach.

Ahlberg [1] uses analytic splines to approximate an analytic function on
the unit disc, but these approximants only converge uniformly on compact
- subsets of the open disc.

Here we use the complex harmonic splines. They are obtained by using
the Poisson integral, with the boundary function an interpolating or
pseudo-interpolating complex spline. The complex harmonic splines con-
verge uniformly on the closed unit disc to the analytic function being
approximated as the mesh size tends to zero.

One would hope that the approximating functions has many of the
properties of the function being approximated, e.g.,

(a) they are open mappings (conservation of domain};
(b) they are one-to-one mappings.

We prove that these properties do indeed hold for the complex harmonic
spline in case the mesh size is sufficiently small.
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COMPLEX HARMONIC SPLINES 113

We illustrate by an example (see Fig. 1 at the end of this paper) that the
complex harmonic spline approximates conformal maps in a satisfactory
manner. Besides, a complex harmonic spline only consists of elementary
functions.

2. DEFINITIONS AND NOTATIONS

We denote by
U:={Z:|Z|<1}

the (open) unit disc, and by I its boundary.
We denote by Z.(4) the family of complex splines of degree n with
_(ordered) knot sequence 4 = (Z,,..., Z,,). Here, each Z;is a point in . We

use [;:= ZJ—\Z, + 1 for the arc between the two points, and set Z,,, , := Z,.
We denote by £(F) the quasi-interpolant operator into complex splines
introduced in [2]. We use AC™(I') for the class of functions in C™(TI')
with an absolutely continuous nth derivative.

Let D be a simply connected domain, with y its boundary. A real
function ue C?(D) is said to be harmonic in D if it satisfies Laplace’s
equation 4u =0 there. We call a function a complex harmonic function on
D if it is a finite complex linear combination of harmonic functions in D,
and denote the totality of all such functions by H(D). These complex har-
monic functions share with the (real) harmonic functions many properties,
such as the mean-value theorem, the maximum modulus principle, Poisson
formula, the Schwarz theorem, etc. We define

H™(D):= C"™(D)n H(D)
and

AH"(D) := AC"™(I')n H"(D).

3. RESULTS

The complex harmonic function

1 n
P2)=5- [ p(0)Re (F22 ) at 1)

is said to be a complex harmonic spline if p belongs to (4). The family of
such functions is denoted by SH(U).
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Since p({)=p({)en,, CeI’,zZEH 1, j=1, M, the expansion around
the point Z in the {-plane is as follows:

p)=aPC=2Z)'+a2 ,({—2Z)"" "+ +af, (el (2)

a'? is obviously independent of Z.
Letoy " V=a{)—al/~ 1, k=0,.,n 6P=0=al —a, k=0,..,n By
induction we have

oV =(—1) (Z) c-NZ,—2Z), k=0,.,n (3)

and
M
Y oU-Z,—2Z)*=0, k=0,.,n (4)

j=1
From (1), P(Z) can be represented as follows:

P(Z)=P(Z)+ PA2Z) (5a)
where

BT I Ny
P*(Z)'z—m-frg Z z—§ P2

- ; (P(2)=P; ((Z))n|Z,~ 2]

1 M
5—2 PAZ) ¢, ;1(Z) (5b)
_ a0 L e
PyZ)= 2m‘Jp (-2 2nij:1Pj(Z)Lj =3
1 M
~7m L (PD=P(2)miZ-2)
T X o
- EZ PJ(Z) wj,j+1(Z), Z=(Z)71 (50)

where ¢; ;. ((Z) is the measure of angle from vector 7z ;to V74 ;+1 and
l/lj,j+1(2) is the measure of angle from vector Ztho ZZj+1, 2=7""
We observe that
(=) X1 = X)+ (¥, =YW Vis1—Y)

lZ Zi1Z—-Z; |

=:fi(Z,)) (5d)

cos '//j,j+1(Z)=
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_ (Ilexj_x)(IZIij+l —-x)+ (IZIZJ’j_.V)(lZIZJ’j+1_y)

c0s s+ il2)= 1272, 2 12 2,11~ 7)
=:/AZ,J) (5e)
where Z =x +iy, Z;= x;+ iy,. Therefore, we have
95+ 1(Z)=cos ' fi(Z, ]) (5f)
Vv 1(Z)=cos ™! f3(Z, j). (58)

We can also write P,(Z), P,(Z) in the following forms:

E

1 ~-Z
- 1 j+l
Pi(2) 2mj | p/Z)In Z,—~ zZ’

(6)
.(Z) In 221

J

Pz(Z)_'

“l
T Ma

Whichever branches of the logarithm are chosen, we should remember that
the imaginary part of ln(( 1—Z)(Z;—Z)) s ¢;;.1(Z) and
Im(In((Z;+  ~ 2(Z;— 2))) is ¥;,+1(2).

We know ([2, Theorem 3]) that any function belonging to AC"(I") can
be approximated by complex spline functions.

Let £ be the operator introduced in [2], p = £(F), where Fe AC"(I'),
then (see [2])

IF©— LEF)| < K,o(F™:14]) 4], 0<s<n (7)
We shall prove the following:
THEOREM 1. Let F be analytic in U, Fe AgH™(U), n>=2, and let

p=L(F) be the pseudo-interpolation spline function. Then the complex har-
monic spline

1 VA .
P(Z)=2—J. (C)Re(C+ )dO [=e ZeU
approximates F in U as follows:

|P(2) - FZ)| <32 a(F™; 14)) 141", zeU @)

1PAZ) - P2 <(F K+ KA1 0lF5 ) 147 2T 9)
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|P2(Z)| =|PZ)— Fz(2))

<§(K2+K1|A|)w(F‘">;|A|)|A|"*2, Ze . (10)

o(f; |4)) is the modulus of continuity of f on I', where K,, K, K, are con-
stants given in (7).

This theorem tells us that if |4| tends to zero, the function P and its
derivatives converge uniformly to F and its derivatives respectively on the
closed disc {Z] < 1.

The proof of Theorem 1 is as follows.

Using the maximum modulus principle and (7) we have (8). Now

P2 -F@)<sup |- [ LoDV ary piz) - Fiz)),  zeD,
Zoer r (-2
where
(8, Zo)=(p'(Q) = F'(0)) = (p'(Zo) — F'(Zy))
lp(¢, Zo)l = U,\ (p®Nt)— FP1)) dtl
Zgl
<max |p®(1) = F(1)] |Zol]
where |Z,\C | is the arc length from Z,to { on I
Hence we have
o((, Zy) @({, Z,)
o, [ e[ 250
where I, is one of the half circles 7, and §, such that
@((, Z,) @((, Zy) o6 Zo) ‘}
J‘fl {(—Z, dC‘ {‘Ll (—2Z, 4. 72 4’ Z, %

Fi={Z|Z=e"0<0<n},
jo={Z1Z=¢" <0< 2n}.

r denotes §, or J,, and in either case we stipulate that |/Z:Zl < 7. Since
1< |ZoLl/1Zo— ¢| € 7/2, therefore,
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2[ |‘P(C’ Ida <n? Max [p@(t) — F(1)|

ml=Zo Zol

|PAZ)-F(2)| < Max |p2(t) = FOA(1)] + Max |p'(1) = F'(1)]

and from (7) we have (9).

Since
W(l, Zo) dl
|PAZ)—FAZ)| < <5—§0L;1“ T —Ze
where
Yl Zo)=({p'(O)— F' () = (Zo p'(Zo) — Z, F'(Z,))
WL Zo) <Max{1p'(0) ~ F Q)1+ P20~ FRO)1} 126
we have
|P2(Z) < Max{lp Q)= F (Ol +1p2() - FPOL}
and from (7) we obtain (10). Q.E.D.

Remark 1. Results similar to those in Theorem 1 can be obtained when
ZL(F) is replaced by I(F), the interpolating complex spline (for the case of
equidistantly spaced node points, see [1]).

COROLLARY. Let F(Z) and P(Z) be defined as in Theorem 1. Then

d'P(Z)
0z’

—F‘f’(Z)‘ <w |4 [g

Kj+l+K,|Al], ZeUj=1n-1
where @ = w(F™; |4|), K;, K, | are constants given in (7).

The following theorem gives conditions under which the complex har-
monic spline is an open mapping.

THEOREM 2. Let F be analytic in U, Fe AgH™(U), n>2. Assume that
FY(Z)#0, Ze U, choose |4| sufficiently small that

o <Min |F(Z)|/n(K, +2K,), n=2
Ze

@7~V |4 < [Min |F'(Z)|/n(K,+2K)]V" =2 »n>2
Zel
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where w = w(F™; |A\) is the modulus of continuity of F™ on I'. Set

{(+2
{(-Z

P(Z)=%f:np(§)Re( )de, [=e® ZeU

with p= %(F). Then the Jacobian J of P is positive on U.
Proof. Let

I T
=GRtk ol =T KMo lar 2 (12)

Since |4] <2, from (9), (10) we have
JZ)=|P,|*—|P* > (IF'(Z)| —n)* - &%
From (11), we obtain J(Z)>0. Q.E.D.

It is easy to prove the following

LEMMA. Let y be a closed Jordan curve; y is a homeomorphic image of I,
y=f(I), fe CNI). If f(Z)#0 for ZeT, then

e ([Z)-f(Z)
M= Zl,IanfeI" 21—22 >O’ (13)
12,)-1Z,)
M,:= Su —_——| <
! Z],Zzgf ZI—Z2

THEOREM 3. Let D be a simply connected domain, D=7 a closed Jor-
dan curve with bounded curvature, W = F(Z) a conformal mapping of U onto
D, and Fe AH™(U), n>2. If |4| is so small that

o <my (K, +2K,), n=2;

(14
@YD 4] < (myn(Ky + 2K, )Y, n>2 :

where w = w(F'"™; |4|), m defined as in (13), then the function

1 p2= C +Z
=—| L(F)Re{—=]db
P2)=5 [ 2rre ((12)
maps U onto a simply connected domain D,. This mapping is 1-1 and sense-
preserving, moreover,

lim D,=D (15)

4] -0

in Caratheodory’s sense.
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Remark 2. Theorems 2 and 3 remain valid if #(F) is replaced by I(F)
(see Remark 1),

Proof of Theorem 3. Since Fe C'"(U), y= F(I') is smooth, arg F'({) is
continuous in U and arg F'({)=¢({)—arg{—mn/2, where o({)=
arg(dF(e”)/df). Let S denote the arc length of y. Then

9 ) 1/2 9 12
1S-8il= [ 1P do<< [” IF’(e"")lsz) ( [ ’de)
* &t [}
<K, (8,—-0,)"

Let K({) be the curvature of y at points {. From the hypothesis, K({) <
K, < oo, where K, is a constant, hence

larg F'({,) —arg F'({,)]

Squ)
|22 dS+ (0, 0,)| <Ko 1S2— Sil +10,- 0,
S dS .

< KoKy 10,—0,1"2+10,—0,| <K |6, —6,]".

Since F'(Z)#0 for Ze U, In F’' is analytic in U, and there exists a constant
K’ such that

In F(Z,)~In F(Z)I <K' |Z,~2Z,|'"?,  Z,,Z,eU

[4, Chap. 9, Sect. 5, Theorem 4, 5]; therefore In F’ is continuous and hence
bounded in U. We then conclude that

F(Z)#0, Zel:

hence from the lemma we have m;>0.

The directional derivative of a complex harmonic function G can be writ-
ten as 0G/0l,= Ge" + Gze ™, and this is a complex harmonic function.
From Theorem 1 we obtain

P1%6 20

ZeU

<Sup |Pz—F'| +Sup [Pzl <n+¢

Zel Zel

oP 6F‘

where # and & are defined by (12).
From (9), (10) we obtain

IP(ZZ)—P(ZI)_F(ZZ>"F(ZI’ <n+E

Z,-2, Z,-Z,

640/43/2-2
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therefore,

\Zy=Zil(mp—n =)< |P(Z)) - P(Z)| S (Mp+n+E) |Z,— Z,] (16)

from (14). n + & <m. We conclude that

P(Z,)=P(Z,) ifandonlyif Z,=2Z,;

ie, W= P(Z) is a homeomorphic mapping. Note that
me<min |F(Z). (17)
Zel

From (17) and (14) we obtain inequalities (11). Theorem 2 tells us

J(Z)>0 for ZeU. (18)

The mapping W= P(Z) from U onto Dpis sense-preserving [4].

Since the Jacobian is positive for Z e U, the mapping W = P(Z) is open;
thus D,= P(U) is a domain, and no interior point of U can be mapped
onto the boundary of D,. Hence the boundary of D, must be the image of
I'. Since (16) is valid on U, P is a homeomorphic mapping from I" to
y=0D,. We thus conclude that y is a closed Jordan curve and Dpis a
simply connected domain.

If Ze T, from Theorem 1 we have

|P(2)~ F(Z) <52 w(F s 141) 141
therefore (15) is proved. Q.ED.

Since P, P are continuous in U, denote the complex dilatation by
WUZ):= PAZ)/PAZ), Ze U, and

D(Z)=[|P2(Z)| + Pz Z)| )| PAZ) — |Po(Z)].

We can prove the following

THEOREM 4. Let F be a conformal mapping of U onto D, Fe AH™(D).
Let P be a complex harmonic spline defined as in Theorem 1, and choose ||
so small that

A=1(Ky+2K,) o(F™ 1 AN (41"~ 2<mp, 22 (18)
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ey,
&d W=P(2)
d 1zl =1
r=(j—1)/10 (j=2, 10) and radii 6= 2(j— 1) /10 (j =1, 10) under the mapping W = (1/21)
[ PO Re[({ + Z)(L - 2)] db.
Let € be any positive number satisfying the relation

A<e<mg. (19)

Then P satisfies the Beltrami differential equation
We=xW, (20)

and y is continuous in U. Further, P is a K-quasiconformal mapping with
dilatation

M+ e
D K= =
@)<K=3— 2)<5 (21)
where
M := Sup |F(2)|.
Zel

Proof. From (8), (9) we have

IF(Z)| +n+¢

D e
PO FZI e
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with 7, £ as defined by (12). From (18), (19)

M+A M+g
V4
ID(Z)i < M- A<M— =K
and
e
o=
Ix( )‘<K+1 M

Then (21) is proved.

Now A<mp, (14) is valid, from Theorem3, W=P(Z) is a
homeomorphism and the function P satisfies (20); obviously, x(Z) is con-
tinuous in . Q.ED.

Figure 1 is a set of curves which are the image of radii and concentric
circles under the mapping

{+

= Z) a8, (=€"%|Z1<1,

W=P(Z)=§Ej:"pm Re (

where p is the interpolating complex cubic spline function for F(Z)=
(Z-3)y+ 8/(Z 5)+12/(Z—5)?, the knots of the cubic spline p are
Z,=e®0 j=1,.,20, and p(Z))=F(Z)), j=1,.., 20.

The boundary curve is W= P(Z), |Z| =1. We see that the two families
of curves are almost perpendicular. The reason is that since W= F(Z) is a
conformal mapping on U, then W= P(Z) is almost a conformal mapping
on U. The theoretical demonstration of this fact is given in the proofs of
Theorems 1-4.
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